Abstract. Let Pk denote any integer with no more than k prime factors, counted according to multiplicity. It is proved that for almost all sufficiently large integers n, satisfying n = 0 or 1 (mod3), the equation n = pi +p\ +p\ has a solution in primes pi,pi,pz such that PI + 2 = P2 + 2 = P5, P3 + 2 = P5. It is also proved that for every sufficiently large integer M = 0 or 2 (mod 3), the equation M = pi +p\ +p| +p\ +p| has a solution in primes pi, • • • ,p 5 such that pi +2 = P 6 , P2 + 2 = P 5 , p 3 + 2 = P 5 , PA + 2 = P 2 , ps + 2 = P?.
Introduction and main results
In 1923, Hardy and Littlewood [5] conjectured that each integer n can be written as n = pi + mf + rri2, and Linnik [10] proved that this conjecture is true. As an extension of the Goldbach conjecture, one can consider the following Diophantine equation with prime variables (1.1) n = pi+pl+pj.
The congruence condition n = 0 or 1 (mod 3) is necessary, because p 2 = 1 (mod 3) for any prime number p. Let N > 2, and E(N) be the number of positive odd integers with n = 0 or 1 (mod 3), not exceeding N, which can not be written in the form in (1.1). The best result on E(N) belongs to Wang and Meng [17] , who proved that E(N) <C Nrz +e , (see also [16] ).
X. M. Meng, M. Q. Wang
In the present paper, we study the equation (1.1) with primes pi such that pi + 2 is almost prime by applying the sieve method. Denote by P^ any integer with no more than k prime factors, counted according to multiplicity. We obtain the following In 1938, Hua [7] established that the equation (1.2) M =pi+pl+p 2 3 + pt+pl is solvable in primes provided that M is sufficiently large and satisfies M = 0 or 2 (mod 3 Theorem 2 can be deduced from Theorem 1, we give the proof as follows.
Proof of Theorem 2. Consider the set of primes
Applying the arguments of Chen [2] , we establish that the cardinality of U is > \/M(logM)" 2 . Define the set M. = {m : m = M -p\-p\,PA,P § £ U}. For any prime p, we have p 2 = 1 (mod 3). Consider the solvability of the equation Thus the rest of the paper is to prove Theorem 1 by a sieve method. 
Statement of the Proposition
To prove Theorem 1, we consider the following sums /(n;fci, k 2 ,k 3 ) = ^ logpi logp 2 logP3, 
The function i(^) is multiplicative with respect to q. Using the definition (2.3) of s' k (a,q),sk(a,q) and the properties of Gauss Sum (see Hua [6] , for example), it is not difficult to compute t(p l ).
We find that if n = 0 or 1 (mod3) and k\,k2, k 3 are odd integers, then
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If p > 2, and k\,k2, are square-free integers then we have
We omit the calculations.
We write (2.11) J(n; ku k2, fc) = V^f + K(n; Q; kuk2, k3).
The first summand arises from the application of the circle method. We can not find a non-trivial estimate for the remainder 7Z for individuals Ti,ki,k2,k3, but we can prove that it is small on average. We need the following proposition.
and let (3i(ki),k{ < Ki,i = 1,2,3 be complex numbers satisfying
Then for
we have
Here and in the sequal Yln<N denotes the summation over n < N and n = 0 or 1 (mod 3). 
Proof of Theorem 1
Consider the sum
Suppose that tt;(n) > 0 for some n G T. Then there exist primes Pi,P2,P3 satisfying the conditions imposed in the inner sum of formula (3.3) . For pi, we should have (pi + 2, Y\p<Zl p) > 1, otherwise we should have (pi + 2, PIp<Zi p) = 1 for z = 1, 2,3, which reduces to F = 0. If pi = 2, then w(n) « L 3 £n=ro?+ma+2 1.
If pi > 2, then pi + 2 would have a prime factor p > 2 such that p\n + 2 and p = 3 (mod 4). Hence p\ + p\ = 0 (modp), which implies P2 = P3 = P and therefore w(n) -C L 3 £p|n+2 1. 
ml+ml+2<N n<N
Now we will use the vector sieve to estimate T from below. We get rid of the summands corresponding to integers n such that n + 2 has many distinct prime factors. Prom this point onwards Z^ stands for a sum over n such that v(n + 2) < A log L. By \f(d) we denote Rosser's weights of order Di, 0 < i < 3, (see Iwaniec [8] , [9] for the definition). In particular, we have
By the properties of Rosser's weight (see Iwaniec [8] , [9] ), we have A^ < Aj < Af, 1 < i < 6. We apply the inequality The proof is the same as in Lemma 13 of [1] . Using this inequality and (3.5), we get
The definition of the other sums Tj is clear. We change the order of summation to get #
x\£(8i)\£{62)\o(53)I(n; viMi, U2M2, ^¿3^3),
where /(n; k\, k2, /03) is defined by (2.1). Using formula (2.11), we split into two parts: (6) t(p,n-,vi,v2,v3) ) J J (1 + t(p,n; 61,82,63)).
3<P<Q0 Qo<p<Q
So after some calculations we find that # where Vl,V2,V3\p
Si\Vo,S2,S3\n Qo<P<Q
We treat the sums Tj, 2 < i < 7, in the same manner and we find formulas similar to (3.10)-(3.12). Then we apply (3.9) to get # (3.13) r>2;r^n( V P( n )) neT 3<p<Qo
x (H + (n)(er<?2+<?3+ + Qt^Gt + QtGtQz ~ WtGtGt)
+ m~(n)g+g+g+)
+ O(X 4 L~A).
Using (2.3) and (2.4), we establish that
•«») = E l^m-i , 7712 ,m3 -1 mi+m^+mgEn (modp) This formula gives 0.001 < V^(n) < 3, for p = 3,5,7 and 11. By the definition of Vp{n) and (2.11), we find another expression: (3.1) of Qo, we obtain (3.14) (logL) -9 < Vp(n) < (logL) 9 .
Consider the other quantities included in formula (3.13). Obviously
We have log Do/ log Q -> oo as X -> oo. Hence we may expect that the sums ?i ± (n) can be approximated by TT n .r r ey. x -TFTTITTn 11 V 1 + ¿1,02, ¿» 3 )).
More precisely, we shall prove that uniformly for n 6 T satisfying v(n + 2) < A log L the following formula holds:
The proof of (3.16) is similar to the proof of (3.17) in [15] , which is at the end of the section 3 in [15] . The sum Ho(ti) is much more easy to deal with. We use (2.4)-(2.9) and after some elementary considerations we represent it as the following: where M = GTGtGt + GtGiGt + Gt&s ~ 2G+GiGt-Arguing as in section 8 of [14] we get
Therefore using (3.14), (3.17)-(3.19) we find that
We combine the last estimate with (3.4) to obtain neT Denote by y(N) the cardinality of the set {n G T : f(n + 2) < AlogL}. Prom the last formula we get
It remains to notice that \F\ -y{N) < x 2 L~A logA+A~1 (see Hall and Tenenbaum [4] , Chapter 0, for example). Therefore
This proves Theorem 1.
Proof of the Proposition: Minor arcs
We need the following result of Mikawa [12] . Here an arithmetic function A is called well-factorable of level D, if for any D\, £>2 > 1, D = D1D2, there exist two functions Ai and A2 supporting in (0, D\} and (0, D2] respectively such that |Ai| < 1, |A21 < 1 and A = Ai*A2-First we estimate U 2 in (2.14). We substitute the expression for I 2 in (2.14) and change the order of summation and integration to obtain
We apply the Cauchy's and Bessel's inequalities to get and let sk(a,q),s'k(a,q) be defined by (2.3). We write The definitions of and are clear. As the proof of (5.13) in [15] , we can show that It follows from (2.4)-(2.9) that for square-free odd integers k\, k2, we have (4.18) t(9) ^T 3 (q)q-1 (k1,q)(k2,q)(k3,q).
We also apply the formula whose proof is available in Wang [16] . We use (4.18) to estimate the contribution to U' arising from the error term in (4.19). We omit the computation. We find ¿=1,2,3
To estimate U" we apply some arguments of Mikawa [11] . Consider the function 
